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(These Lecture Notes replace neither the Text Book nor the Lectures)

Part 5
e Complex Numbers.
e De Moivre’s Theorem.

e Roots of a Complex Number.
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COMPLEX NUMBERS
A complex number z is of the form

2 =a +ib, where i = —1, and a,b € R.
a=real part of z, a =Re z.
b=imaginary part of z, b =Im z.
z is real <= b = 0.
z is purely imaginary <= a = 0.
Let 2z =a+ib and w = ¢+ id. Then,
z+w=a+c+i(b+d)
z—w=a—c+i(b—d)
z-w = (a+1b)- (c+id) =ac—bd+ i(ad+ bc).
kz = ka+i(kb), k € R.

z=a+ib 1z=1a—b
|z| = Va2 + b? liz| = va? + b?

a —b
R _ %
cos \/W cos ¢ NN

. ) a
sinf = \/QQj_l_bZ Sln¢ = ﬁ

cos = sin ¢ and sin = — cos ¢.

Multiplying z by i rotates z counter clockwise by 90°.

z=a+1ib=Z =a—1ib, (Z is the complex conjugate of z).

Properties of the complex conjugate:

TTw=%2+ (3)23

w w
Zmw=z-w z+zZ=2Rez
Zrw=z-w z—2z=2iIm 2

|

=2z
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Let z =a+ ib and w = ¢+ id # 0.

z _ a+ib a+ib c—id ac+bd+i(bc—ad)
w  c+id c+id c—id c? + d?
B ac—l—bd_l_ibc—ad_g:_l_z,
cre erae Y
Wherexzwand :bc—ad

2 +d? Y Taera

The absolute value (modulus) of z = a + b is
2| =VzZz=+Va>+b?
We have the following equalities:

1 z z
sl = el Jul, 2t =2 =2

2z |
Example: Let z =9 — 8 and w = 5 + 2i. Then find |z|, |w|, |z/w].
Write — in the form of a + 1b.

w

Solution:

2] = /92 + (—8)2 = /145
lw| = V52 + 22 = /29

el V145 V529
ol == v Y

z 9-8 9-8i 5—2@'_(45—16)4—2’(—40—18)_1 0
w 542 5+2% 5-—2 25 + 4 B '
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Homework:

1. Let 2 =3+ 47 and w = 5 — 2i. Express the followings in the form of

a + b.
e 2 0Z 1w
(Z 'UJ) ) w? m? 227 2Z
1 24 2
. Find: Re m =+ !

21i’ 344’ 34
. Write the followings in the form of a + ¢b.

11 4 2 . L 6+
3+5i)(3 -5
g BF5)E-5), T

1 V3+i
(3+4i)27 (1—4)(V3—1i)

(7 — 30) — (=2 + 44),

. Solve for z if:
iz=2—1, (4-3i)z=1.

.Ifz=1->5i and w = 3 + 44, find

|2, lwl, |z/wl, [z/w], and |z/w],

Trigonometric Ratios of Important Angles

6 |radians| sinf | cosf | tan 6

0l 0 0 1 0
30°| 7/6 | 1/2 |V3/2]V3/3
45° | /4 |V2/2]1V2/2| 1
60°| w/3 |[V3/2] 1/2 | V3
90° | /2 1 0 -

1809

(27 radian is 360° or 1 radian= — = 57).

T
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Polar Form of a Complex Number

Let z = a + 1b.
a
cosf = ﬂ:>a:|z|cose
z
: b :
sinf) = ﬂ:>b:|z|sm9
z
z = a+ib=|z|cosf +i|z|sinf = |z|(cos @ + isin0) = |z|cish.

Here 6 is the angle between the positive real axis and the point z, —7 < 0 <7
(all angles are measured in radians).
6 is called the argument of z, and it is denoted by 6 =argz.

z = |z|(cos @ + isin0)
is called the polar form of z.

Example: Find the polar form of z =1 + i.

Solution: |z| = 124+ 12 =+/2

cosf = — = 1

= V2 -

b ) — 0 =7/4 = 2= /2(cos /4 + isinm/4).
sinf) = — = —

2] V2
Example: What is the polar form of z = 3 + i3/3?

Solution: |z| = /32 4+ (3v/3)2 = /36 =6.

a 3 1
9:—:—:—
R 0=r/ (cosm/ /3)
—0=7/3=— z=06(cosm/3+1sin7/3).
. b 3v3 V3
sinf = — = — = —
|| 6 2
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Example: What is the polar form of z = V2 —i/2?
Solution: |z| = /(v2)2 + (—v2)2 = 2.
V2

COSQ = ﬂ = 7
z
— 0 =—7/4= 2z =2(cosm/4 —isinm/4).
. b —V2
sinf = — = ——
2| 2
Homework:

1. Write the polar form of the following complex numbers:

2+ 2

z=—4+4+ 4, z =4, z=—1, z =1, z:l -
—1

2. Represent in the form of a + ib:

z=4(cosm/2 +isinm/2),  z=+/8(cosT/4+isinT/4),
_ 2cis(—3m/4)

2¢is(b /6)

Complex Multiplication and Division in Polar Form

z = 2cis(—m/6),

Let z1 = |z1|cisf; and zy = |2g|cisOs.

21 R = |Zl| . |2’2| . cz’s(@l + 92)

z1 riciséy  ro.
— = = — cis (0 — 6,),

Zo TocCisfy 19

Z1 =11 cis (—6,)

2
Example: Let z = 202’5% and w = 502’8%.

Then,

-3 —2
i and W = Hcis i

Z = 2cis

3 2 3 2 25
z-w= (2C’L'S§7T> (502'8%) =2 502’5(% + g) = 1OCis(—7T),

24
z 2 . (37T 27T> B 2 . (—77T>
w—5czs g 3 —5czs o )
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Example: z = cis (g) and w = 2cis (%) Find z - w, z/w, Z and w and
write them in standard form.
Solution:

SHRN

]

I

o

~.

»n
7N
rol |

K
"

I

I

~

gl
I

20is (g) —2 <% +z§> = 1+iV3.

De Moivre’s Theorem:

2" = (|z|(cos @ + isinf))" = |z|"(cosnh + i sinnh), for any positive integer n|.

Example: Write z = (1 +4)%° in the form of a + ib.
Solution: 1+i=+/2 (COS T +isin %)

20 20
(1) = (V2) (Cos—ﬂ—l—isin—ﬂ

1 1 ) = 2'%cos(57) + isin(5m))

= 2%cosT+isinm) =2"(-1+i-0) = —2'" = —1024.

(1+1i) =2i = (1 +i)" = (2i)> = —4.

(102 = ((1+1)1)° = (~4)° = 2
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Homework: Express the following complex numbers in the form of a + 2b.

3. 2= (1—-149)" Ans: —32i

)
)
)
)

—_
I
-~
=3
P
+
.
s
>
=
1
I
[@))
T~

(
(
(
4. 2= (1) Ans: —213(1 +4)
(
(
(

Roots of a Complex Number

0 + 2k~

z":aCiSQ:zk:C/ECis< ),Wherek:0,1,2,...,n—1.

Example: Find all fourth roots of 1.

Solution:

0+ 2k
2z =1=cos0+isin0 = 2, = cis <¥> k=0,1,2,3.

: LT : 3 ,
zo=cis0=1, 2z = C’LSE =14, 2g=cisT=—1, 23= czs? = —1i.
Example: Find all fourt roots of 1.
Solution:
. . 5+ 2k
z4:2:cosg+zsmg:>zkzczs<2 1 ),k:0,1,2,3.

) (w) ) (5%) ) (9%) ) (137r>
20 = CiS | — 21 =ClS| — Z9 = CIS | — Z3=ClS| — | .
0 ] ; 1 ] ; 2 ] ) 3 3
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Example: Let z° = —8i. Find 2z and write it in the standard form.
Solution: o =|—8i| =8, 0 = —7/2.
‘ —7/2 + 2k
zp = V/8 cis <$>  k=0,1,2.

2 = 2cis (%):2 <\/7§+f71> =3 —i.

21 = 2cis (n/2) =2(0+1) = 2i.

2 = 2cis (77/6) = 2 <%§—i%>:—\/§—i.

Example: Find the roots of 22+ 2 +1 = 0.

Solution:
24 +1—(+1)2 (1)2+1—0:>(+1)2—_3
1 3 1 3
RS S P SR C

2 2 2 2
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Homework: Find all complex numbers such that:

1. 22 =4 6. 23 =64i
2. =14 7.2t =—-1
3. 2=-1 8. 2t =2(iv/3-1)
4. 23 =2Ti 9. 26 =—-64
5. 23 = —2Ti
Answers:
Lo Y2Z V2 V22
. 20 = 5 22 , 21— B 22 .
3 1 -3 1
2. zoz\/?_—l—zé,zl:T—l—zE,zg —1
3 . V3 1 V3
. =1 = —— — 11— = — — 71—
20 y 21 2 2722 9 9
3v3 3 3v3
4. z0:—3i,z1:—7\/_+i§,z227\/_+i§.

3v3 3 3v3 3

y Ty mT 5 iy

5. 20:32',2’1:—
6. 2o = —4i, 21 = —2V3 4+ 2i, 20 = 2/3 + 2.
8. \/5 67rz'/6’ \/5 647rz'/6’ \/5 677rz'/6’ \/5 e10mi/6

Note that e = cos# + i sin 6.



